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Abstract
A computed approximation of the solution operator to a sys-
tem of partial differential equations (PDEs) is needed in var-
ious areas of science and engineering. Neural operators have
been shown to be quite effective at predicting these solution
generators after training on high-fidelity ground truth data
(e.g. numerical simulations). However, in order to general-
ize well to unseen spatial domains, neural operators must be
trained on an extensive amount of geometrically varying data
samples that may not be feasible to acquire or simulate in cer-
tain contexts (e.g., patient-specific medical data, large-scale
computationally intensive simulations.) We propose that in
order to learn a PDE solution operator that can generalize
across multiple domains without needing to sample enough
data expressive enough for all possible geometries, we can
train instead a latent neural operator on just a few ground truth
solution fields diffeomorphically mapped from different geo-
metric/spatial domains to a fixed reference configuration. Fur-
thermore, the form of the solutions is dependent on the choice
of mapping to and from the reference domain. We emphasize
that preserving properties of the differential operator when
constructing these mappings can significantly reduce the data
requirement for achieving an accurate model due to the reg-
ularity of the solution fields that the latent neural operator is
training on. We provide motivating numerical experimenta-
tion that demonstrates an extreme case of this consideration
by exploiting the conformal invariance of the Laplacian.

Introduction
Numerical simulation of physical systems governed by par-
tial differential equations (PDEs) are a crucial aspect of
many problems in science and engineering. However, tradi-
tional numerical methods often demand significant compu-
tational resources, particularly for complex systems or high-
dimensional parameter spaces. Recent advancements in sci-
entific machine learning include neural operators, which
can efficiently predict PDE solutions after training on high-
fidelity simulation data, as a promising alternative to tradi-
tional approaches (Kovachki et al. 2023). A major challenge
in applying neural operators to real-world data lies in the
variability of geometric and parametric domains on which
these PDEs are defined. Learning solution fields across
these varying domains is difficult for typical neural oper-
ator frameworks, such as Deep Operator Networks (Deep-
ONet) (Li et al. 2020) and Fourier Neural Operators (FNO)

(Lu et al. 2021) which either require a fixed grid or a regu-
lar domain on which the Fourier transform is available, re-
spectively. To address this, some variants of these methods
transform numerical solutions from their original domain
to a latent space where training can be unified. This pro-
cess often involves mapping solutions through integral trans-
forms (Loeffler et al. 2024; Cao, Goswami, and Karniadakis
2024; Liu-Schiaffini et al. 2024) or spatial transformations
(Li et al. 2023; Zhao et al. 2024; Yin et al. 2024). Spa-
tial transformations, in particular, standardize the domain by
quotienting the geometric variability during training.

While effective, these approaches require plentiful ex-
pressive/geometrically varying training samples to obtain
generalizable model. This raises questions about how the
choice of transformation influences learning outcomes.
Specifically, the properties preserved or distorted by the
mapping could significantly affect the neural operator’s abil-
ity to learn the PDE efficiently and accurately. The literature
has yet to fully address specifically how the nature of the
spatial transformation of the solution domains and the rep-
resentation of solutions in the transformed (reference/latent)
space impacts the learning process.

In this work, we focus on the problem of learning a neural
operator on the solution representations after applying an in-
vertible spatial transformation to a reference configuration.
Applying this framework on the 2D Laplace equation on
doubly-connected domains, we analyze how different types
of mappings affect the performance of neural operators and
effectively demonstrate that using mappings which preserve
mathematical properties of the PDE in the latent space facil-
itate more accurate and data-efficient learning.

Through numerical experimentation, we compare differ-
ent mappings of the potential flow solutions to a canonical
domain with varying regularity to numerically elucidate the
relationship between the choice of mapping, the transformed
representation of the PDE solutions, and the strong influence
of these factors on the resultant learning efficiency within
this framework. Furthermore, this study aims to provide em-
pirical evidence to motivate the design of mappings (or al-
gorithms that can approximate such mappings) that mini-
mize computational and data requirements for high-fidelity
numerical simulations and neural operator training, provid-
ing a new avenue for improving data-efficient PDE learning.



Problem Formulation
Neural Operators for Partial Differential Equations
Neural operators are a family of neural network frame-
works designed to approximate nonlinear, continuous op-
erators, such as the solution operators of partial differen-
tial equations (PDEs). Unlike traditional neural networks,
which learn mappings between finite-dimensional vector
spaces, neural operators learn mappings between infinite-
dimensional function spaces, enabling them to model the
relationships between input functions and PDE solutions di-
rectly.

Formally, a neural operator N� is defined as a mapping
from an input function space V(
�; Rdv ) to an output func-
tion space U(
�; Rdu), where 
� � Rd is a domain param-
eterized by � 2 A. This mapping can be expressed as:

N� : V(
�; Rdv )! U(
�; Rdu);

where � 2 � denotes the parameters of the neural operator.
The spaces V(
�; Rdv ) and U(
�; Rdu) are subspaces of
function spaces such as Sobolev spaces Hs(
�) or spaces
of continuous functions C(
�). Here:
• V(
�; Rdv ) represents the space of input functions, such

as coefficients, forcing terms, or boundary conditions of
the PDE.

• U(
�; Rdu) corresponds to the space of PDE solutions.
For an input (v1; : : : ; vm) 2 V(
�; Rdv ), the true so-

lution operator G maps these inputs to the PDE solution
u 2 U(
�; Rdu), satisfying:

u = G(v1; : : : ; vm):

The neural operator N� approximates the solution opera-
tor G by learning from a set of input-output pairs:

f(v1;i; : : : ; vm;i; ui)gNi=1; where ui = G(v1;i; : : : ; vm;i):

Once trained, N� serves as a surrogate for G, enabling
efficient and accurate predictions of u for new inputs
(v1; : : : ; vm) without the computational cost of solving the
PDE numerically. By working directly with function spaces,
neural operators offer the flexibility and efficiency needed
for tasks involving parametric PDE simulations and high-
dimensional domains.

Diffeomorphic Mapping Operator Learning
This section outlines the approach we adapted from (Yin
et al. 2024) for learning operators on a family of domains for
which between each pair there exists a diffeomorphism. The
procedure involves mapping solutions from a set of geomet-
rically diverse domains f
�g�2A to a fixed reference do-
main 
0. These mappings, defined by smooth embeddings
’� : 
� ! 
0, allow solutions of partial differential equa-
tions (PDEs) on different domains to be consistently repre-
sented within a common space.

Let A denote a compact subset of Rp, parametrizing the
domain variations. For each � 2 A, the embedding ’� is
a C2 diffeomorphism from the reference domain 
0 to the
target domain 
�, and the mappingA ! C2(
0;Rd), given
by � 7! ’�, is continuous in the standard C2-norm.

Figure 1: A schematic outlining the construction of the la-
tent operator F0 within the diffeomorphic mapping operator
learning framework.

The solution operator on each domain 
� is denoted by
G� : V�1 (
�)� � � � � V�m(
�)! U�(
�)

mapping inputs defined on 
� to the PDE solution
u�(�; v�). Here, v� = (v�1 ; : : : ; v

�
m) represents the input

functions.
This family of operators fG�g�2A can be reformulated in

terms of a latent operator F0 defined on the reference do-
main 
0, as:

u�(x) = G�(v�1 ; : : : ; v
�
m)

= F0 (�; v�1 � ’�; : : : ; v�m � ’�) � ’�1
� :

Defining the pullback of the inputs as v0
�;k = v�k � ’�

and the latent solution as u0
� = F0(�; v0

�;1; : : : ; v
0
�;m), the

solution on 
� can be equivalently written as:
u�(�; v�) = u0

� � ’�1
� :

Here, the operator F0 captures the relationship between
the shape parameter �, the input functions transported to

0, and the corresponding solution on the reference domain.
This formulation effectively maps solutions from 
� into a
fixed domain 
0, enabling the neural network to learn a sin-
gle operator. Of course, the representation of the solution
(for a fixed � 2 A) in the latent space where a neural op-
erator learns F0 is dependent on the choice of map and (in
most cases) the specific geometries 
� and 
0. In principle,
F0 may be approximated by any neural operator method for
the chosen 
0.

In this work, we use a modified Deep Operator Network
(DeepONet) architecture similar to MIONet (Jin, Meng, and
Lu 2022) to approximate the solution operator of the form:

F0 : A� V1(
0)� � � � � Vm(
0)! U(
0);

where Vk(
0) and U(
0) are function spaces defined on a
fixed grid 
0, and A represents the parameter space.

Our architecture consists of two key input encodings:
• A geometry encoder ggeo(�) : A ! Rq , which maps the

shape parameter � to a low-dimensional representation.
This encoding can be computed using principal compo-
nent analysis (PCA) on the displacement vectors between
the target domain 
� and the reference domain 
0, or
by computing a representation of the embedding directly
from the flow of the map ’�.



• A physical condition encoder gphys(v
0
�) : V1(
0)�� � ��

Vm(
0) ! Rr, which encodes the initial and boundary
conditions transported to 
0.

These encodings are concatenated and used as inputs to
a neural operator. For spatial dependence, we use a separate
network h(x) : 
0 ! Rs, which maps spatial coordinates
to a feature representation. The final approximation of the
solution is given by:

u0
�(x) � F̂�

 
nX
i=1

wi

�
ggeo(�);gphys(v

0
�)
�
� hi(x)

!
;

where:
• ggeo(�) encodes the geometric information for the shape

parameter � and � denotes the network parameters,
• gphys(v

0
�) encodes the transported initial and boundary

conditions v0
�,

• hi(x) evaluates the spatial basis functions at x 2 
0,
• wi

�
ggeo(�);gphys(v

0
�)
�

computes the coefficients by
combining the outputs of the geometry and physical con-
dition encoders.

This architecture is well-suited to our framework since all
solutions and inputs are mapped to the fixed reference do-
main 
0 and fixed grid at that, enabling the network to learn
the latent operator F0 efficiently. By incorporating shape in-
formation and input conditions through separate encoders,
the network captures the dependence of the solution opera-
tor on both geometry and PDE parameters.

Latent Solution Representations
The choice of spatial transformation ’� : 
� ! 
0 plays
a pivotal role in the representation of the latent solution u0

�
on the reference domain 
0 and the form of the diffeomor-
phic latent operator F0. While it is not always possible to
find a map that perfectly preserves the differential operator
L� of a PDE, one can aim to construct maps that minimize
deviations from this ideal. Such maps improve the regular-
ity of the latent solution representation and enable a more
accurate approximation of the true solution operator. They
also decrease the sensitivity of the mapped solution fields
to changes in the shape parameter � of the original domain

� and lower the required dimensionality of the shape en-
coding “geometry branch” in the DeepONet for efficiently
approximating F0.

Optimal Maps for PDE Preservation Consider the PDE
on 
� given by:

L�[u�] = v�; u� 2 U(
�);

where L� is a differential operator and v� 2 Vk(
�) rep-
resents the inputs. Under the transformation ’�, this PDE is
pulled back to the reference domain 
0, resulting in:

~L�[u0
�] = v� � ’�; u0

� 2 U(
0);

where ~L� is the transformed operator. The latent operator
F0 provides the strongest approximation to the solution op-
erator G� when the map ’� minimizes deviations between
~L� and L�.

To identify such a map, one can solve a minimization
problem that balances the preservation of the PDE operator
and the fidelity of the geometric mapping:

’�� = arg min
’�

E [’�]

E [’�] =

Z

0

k ~L�[u0
�]� (L�[u�] � ’�)k2 dx+ �D[’�];

where D[’�] is a regularization term that enforces the ge-
ometric alignment of ’� with 
�, and � is a weighting
parameter. This optimization problem seeks to find a near-
optimal map ’�� that preserves the differential operator as
closely as possible while accurately mapping the reference
domain 
0 to the target domain 
�.

Impact of Reference Domain Choice The choice of ref-
erence domain 
0 also influences the latent solution rep-
resentation u0

�. A well-chosen reference domain can sim-
plify the geometry of the target domains f
�g�2A under
the transformations ’�, improving the regularity of the la-
tent solution u0

�. Conversely, a poorly chosen reference do-
main may introduce distortions in the transformed operator
~L�, complicating the representation of F0.

The selection of 
0 should therefore account for the ge-
ometric and functional characteristics of the family of do-
mains f
�g and the PDE operator L�. For example, in the
case of the Laplace equation, using a reference domain con-
formally equivalent to the target domains ensures that the
latent solutions u0

� remain well-behaved, as the Laplace op-
erator is invariant under conformal transformations.

Regularity of Latent Solutions By constructing maps
that minimize deviations from PDE invariance and selecting
an appropriate reference domain, one can improve the regu-
larity of the latent solutions u0

�. Regularity here refers to the
smoothness and stability of the latent solutions with respect
to variations in the input parameters �. Improved regularity
reduces the complexity of the neural operator F0, enabling
more efficient training and better generalization to unseen
parameter configurations.

This work sheds light on the relationship between the
choice of ’�, the reference domain 
0, and the latent op-
erator F0, emphasizing the importance of designing spatial
transformations that align with the underlying physical and
geometric properties of the PDE.

Numerical Experiment
In this section, we describe the example we use to illustrate
the main ideas of the neural operator approach described in
the previous section. Specifically, we construct three differ-
ent mappings ’� : 
� ! 
0 with different degrees of reg-
ularity on the mapped solutions and compare how well and
how efficiently each of them allowed the latent neural oper-
ator to learn F0 and, via composition with ’�1

� , G�

Laplace Equation
We use the 2D Laplace equation as a test case for our neural
operator framework. 2D Laplace equation emerges in many



fields of science and engineering. For example, in fluid dy-
namics, it can represent the solution of potential flow where
both vorticity and viscosity are considered negligible. This
simplification allows us to model the velocity field as the
gradient of a scalar potential field, u(x; y). Under the as-
sumptions of incompressibility, the governing equation for
the potential field reduces to the Laplace equation:

r2u = 0 on 
� (1)

n � ru = 0 on @
I� (2)
n � ru = b�(s) on @
o� (3)

where the boundary @
� is the union of the inner and
outer boundaries:

@
� = @
I� [ @
o� (4)

and the b�(s) in Equation 3 represents the Neumann
Boundary Condition on the outer side of the disk.

n is the normal vector perpendicular to @
� for both
boundaries.

Compatibility Condition For the Laplace equation to
possess a valid solution, the specified boundary conditions
must satisfy a compatibility condition. The condition is rep-
resented as:Z


�

r2u dA =

Z
@
o�

n � ru ds =

Z
@
o�

b�(s) ds = 0 (5)

where the second equality is derived from the Divergence
theorem.

Finite Elements for Laplace Equation
The Laplace equationr2u = 0 can be solved in weakly by:Z


�

r2u � ~u dx = 0 (6)

We let u 2 U be the trial function and ~u 2 U be the test
function, where U is the function space defined on the target
domain:

U = U(
�; R2) (7)

Applying the divergence theorem:

0 =

Z

�

r2u � ~u dx =

Z

�

r � (ru) � ~udx

=

Z
@
�

hru;ni~uds�
Z


�

hru;r~uidx
(8)

The variational form of the Laplace equation reads: find u 2
U such that

a(u; v) = L(~u) 8~u 2 U (9)

where the bilinear form a(u; v) and linear form L(v) are
defined as:

a(u; ~u) =

Z

�

hru;r~uidx =

L(v) =

Z
@
o�

b � vds�
Z
@
I�

0 � ~uds
(10)

Domain Generation
The foundation of our shape generation method lies in a
modified Joukowski-type transformation (Karpfinger 2022).
The basic mapping function takes the form:

J(z) = z +
a2

z
(11)

where a is a parameter satisfying a > 1. This transformation
is a variation of the classical Joukowski mapping, which is
historically significant in aerodynamics for generating air-
foil profiles. In our implementation, we introduce random-
ness to the parameter a:

a = 1:1 + 0:2�0 (12)
where �0 is a uniform random variable on [0; 1].
The base shape is generated by applying this transforma-

tion to points on the unit circle with center xc + iyc. The
center are generate randomly by:

xc = 0:3(�1 � 0:5) (13)
yc = 0:3(�2 � 0:5) (14)

where �1 and �2 are independent uniform random vari-
ables on [0; 1]. The transformed points are thus:

z1 = (ei� + xc + iyc) (15)

@
I� = J(z1) = z1 +
a2

z1
(16)

In our case, the domain shape parameter � has three degrees
of freedom, they are a; �1; �2:

2D Conformal Mapping
Conformal mapping is a transformation that preserves an-
gles and the local shapes of structures. In the context of
our application, conformal mapping has a particularly use-
ful property: if a function g is harmonic, i.e., r2g = 0,
and ’ is a conformal mapping on the 2D plane, then the
transformed function ’ � g is also harmonic (Parker and
Rosenberg 1987). This property, known as the conformal in-
variance of the Laplacian, makes conformal mappings espe-
cially valuable when working with harmonic PDEs such as
the Laplace equation.

Our objective is to find a conformal mapping from the
target domains f
�g to a fixed reference domain 
0. Con-
formal mappings are generally difficult to compute analyti-
cally, especially for arbitrary shapes. To overcome this, we
compute these mappings numerically using the MATLAB
Schwarz–Christoffel Toolbox (Driscoll 1996), developed by
Toby Driscoll. The Schwarz–Christoffel (SC) mapping is a
powerful method for finding conformal maps from the unit
disk or upper half-plane to polygonal domains (Figure 2).

The Schwarz–Christoffel mapping is expressed as
(Driscoll 2002):

’(z) = C +

Z z nY
k=1

(w � zk)!k�1 dw; (17)

where:



Ω0 Ω′￼0 Ωα

h(z) = 1/z
gα(z) : extermap

∂ΩI0

∂Ω′￼I0

∂Ω′￼O0

∂ΩO0 ∂ΩO
α

∂ΩI
α

Figure 2: Schematics for ’�1 computation via the
extermap function in sc-toolbox.

• zk are the pre-images of the polygon’s vertices on the
unit disk or upper half-plane,

• !k are the interior angles at the vertices, scaled relative
to �,

• C is an additive constant of integration.
This integral describes a holomorphic function that maps

the source domain (e.g., the unit disk) to a polygonal target
domain, preserving angles at the vertices. For doubly con-
nected domains, SC mappings require extensions to account
for inner and outer boundaries, which are handled by numer-
ical tools such as the Schwarz–Christoffel Toolbox.

Let @
I denote the inner boundary and @
o denotes the
outer boundary. Since the radius in our reference domain r
is fixed, we must generate conformally equivalent shapes in
our numerical experiment. After generating @
I using the
Jowkowsky approach, We utilize extermap in sc-toolbox
to approximate a mapping from a unit disk to the exterior of
@
I : Figure 2 shows the boundaries of original and mapped
domains. From 
0 to 
�; we first invert the inner and outer
radius by h(z) = 1

z Since @
I0 is a unit circle, it is invari-
ant under h(z); and @
I0 = @


′I
0 : Based on the shape of

the target inner boundary @
I�; we use extermap to cal-
culate a Schwarz–Christoffel mapping g� that maps a unit
circle to the exterior of @
I�: Then the outer boundary @
O0
is mapped passively by the composition ’�1

� = g� � h :

@
o� = ’�1
� (@
o0) = g� � h(@
o0) (18)

We leave the outer domain free to deform under f make
sure that the domains we generated are conformally equiva-
lent to each other.

By leveraging conformal mappings, we transform solu-
tions u� 2 U(
�) defined on doubly connected target do-
mains to a fixed reference annulus 
0 = Ar. The mappings
are computed numerically and used to standardize the input
and solution spaces. Specifically, for a given target domain

�, we compute the pullback of the input and solution func-
tions via the conformal mapping ’�:

v0
�;k = v�k � ’�1

� ; u0
� = u� � ’�1

� : (19)
This ensures that the latent neural operator for approxi-

mating F0 learns solutions in a geometry-independent space
while preserving the harmonic structure of the transformed
solutions due to the conformal invariance of the Laplacian.
In theory, since the geometry is completely factored out, the
only relationship we need to learn is between the boundary
condition f(s) and the solution representation in F0.

Large Deformation Diffeomorphic Metric
Mapping (LDDMM)
Large Deformation Diffeomorphic Metric Mapping (LD-
DMM) is a framework for constructing smooth, invertible
transformations (diffeomorphisms) between shapes or do-
mains (Beg et al. 2005). It models these transformations
as flows induced by time-dependent vector fields and in-
troduces a geometric structure to the space of diffeomor-
phisms. In our work, LDDMM provides the transformations
’� : 
� ! 
0 needed to map the reference domain 
0 to a
family of target domains f
�g�2A. These transformations
standardize geometric variations, enabling a neural operator
to work in a unified latent space.

LDDMM constructs diffeomorphic transformations as
flows of time-dependent velocity fields, where the velocity
field is represented as the time derivative of the flow map,
_
t 2 �. Here, � is a Hilbert space of sufficiently smooth vec-
tor fields, such as a Sobolev or reproducing kernel Hilbert
space (RKHS). The associated flow map 
t satisfies the fol-
lowing ordinary differential equation (ODE):

d

dt

t(x) = _
t(
t(x)); 
0(x) = x; t 2 [0; 1]; (20)

where 
t : Rd ! Rd is a family of diffeomorphisms indexed
by time t. The diffeomorphism at terminal time t = 1, 
1,
provides the desired map between 
0 and 
�.

The deformation energy of the flow _
 is given by:

E[ _
] =

Z 1

0

k _
tk2� dt; (21)

where k _
tk� is the norm of _
t in �. This energy quantifies
the cost of the deformation. Given two domains 
0 and 
�,
the optimal transformation is computed by solving:

inf
_
2L2([0;1];�)

�Z 1

0

k _
tk2� dt
���� 
1(
0) = 
�

�
: (22)

In practice, the hard constraint 
1(
0) = 
� is often re-
laxed by introducing a similarity measure D[’�] between

1(
0) and 
�, resulting in the minimization:

inf
_
2L2([0;1];�)

�Z 1

0

k _
tk2� dt+ �D[’�]

�
; (23)

where � > 0 is a weighting parameter that balances defor-
mation energy and geometric alignment.

The optimization problem can be approached using prin-
ciples from optimal control. Specifically, the Pontryagin
maximum principle provides conditions that the optimal _

must satisfy (Younes 2010). These conditions show that _

can be parameterized by an initial momentum variable. For
discrete shapes, where the domains are represented as fi-
nite sets of points or vertices, the initial momentum is dis-
tributed over these points. This reduces the problem to a
finite-dimensional optimization problem over the initial mo-
mentum, often solved using a shooting approach.

For the applications presented in this paper, we employ
the FshapesTk MATLAB library for diffeomorphic reg-
istration, which implements LDDMM for both continuous



and discrete domains. (The software can be found at https:
//plmlab.math.cnrs.fr/benjamin.charlier/fshapesTk.)

In this work, LDDMM provides the diffeomorphic trans-
formations ’� = 
1 required to map the reference domain

0 to each target domain 
�. These maps standardize the
domains, enabling consistent representation of input func-
tions and solutions in the reference domain:

v0
�;k = v�k � ’�; k = 1; : : : ;m;

u0
� = u� � ’�:

This transformation ensures that the neural operator F0

learns a unified mapping that is independent of geometric
variability.

The diffeomorphisms generated by LDDMM are guaran-
teed to be smooth and invertible, preserving the topological
properties of the domains. However, these maps do not nec-
essarily preserve the differential operatorL� of the PDE, po-
tentially introducing distortions in the transformed solutions
u0
�. Furthermore, since LDDMM maps are not conformal,

they do not preserve angles, which is crucial for maintaining
the invariance of the Laplacian under transformations.

Discrete Optimal Transport Mapping
As an example of a non-diffeomorphic mapping, we con-
sider the use of discrete optimal transport (OT) to map so-
lutions from varying domains to a fixed reference domain
(Peyré, Cuturi et al. 2019). This approach computes a point-
wise bijection between point clouds representing the do-
mains, ensuring uniform mass transport under a specified
cost function. Unlike diffeomorphic mappings, discrete op-
timal transport does not guarantee smoothness, making it a
useful benchmark method for training our diffeomorphic la-
tent neural operators.

Let 
0 and 
� represent the reference and target domains,
respectively, and let their boundary points or interior points
be discretized into two point clouds:

X = fx1; x2; : : : ; xNg � Rd;

Y = fy1; y2; : : : ; yNg � Rd;
whereN is the number of points in each cloud. Assume both
point clouds have uniform measures:

�X =
1

N

NX
i=1

�xi ; �Y =
1

N

NX
i=1

�yi ;

where �xi is the Dirac delta measure at xi.
The discrete optimal transport problem seeks a bijective

mapping T : X ! Y that minimizes the total transport
cost. This can be formulated as:

min
�2�

NX
i=1

NX
j=1

c(xi; yj)�ij ;

where:

• � = (�ij) 2 RN�N is the transport plan, where �ij
represents the fraction of mass transported from xi to yj ,

• c(xi; yj) = kxi � yjk2 is the transport cost between
points xi and yj ,

• � is the set of admissible transport plans:8<:� 2 RN�N
������
NX
j=1

�ij =
1

N
;

NX
i=1

�ij =
1

N
; �ij � 0 8i; j

9=;
If the cost function c(xi; yj) is strictly convex (e.g.,
quadratic cost), the optimal transport plan �� is a permu-
tation matrix. This corresponds to a bijective mapping T :
X ! Y defined as:

T (xi) = yj if ��ij = 1:

Since the optimal transport plan �� is a permutation ma-
trix, the resulting mapping T is invertible. The inverse map
T�1 : Y ! X satisfies:

T�1(yj) = xi if ��ij = 1:

In this work, we compute the optimal transport map us-
ing the Hungarian algorithm, which efficiently finds the
minimum-cost assignment in O(N3) time (Kuhn 1955).
Given the uniform measures on the point clouds, the algo-
rithm outputs a bijection T that minimizes the transport cost.

We apply the computed transport map T to align solutions
from 
� with the reference domain 
0. Specifically, given
an input function v� 2 Xk(
�) and solution u� 2 Y (
�),
their pullbacks to the reference domain are:

v0
�;k = v�k � T�1; u0

� = u� � T�1:

These transformed functions are used to train the latent op-
erator F0 on the reference domain.

The discrete optimal transport mapping is computation-
ally efficient and guarantees a bijective alignment of point
clouds. However, as it lacks smoothness, the resulting trans-
formations may distort the spatial structure of solutions, in-
troducing artifacts that affect learning. This makes it a non-
diffeomorphic yet useful benchmark for comparison with
smooth transformations, such as those generated by LD-
DMM or conformal mappings.

Results and Discussion
In this section, we evaluate the effectiveness of the three dif-
ferent mapping approaches—conformal maps, Large Defor-
mation Diffeomorphic Metric Mapping (LDDMM), and dis-
crete optimal transport (OT)—for constructing the mappings
’� : 
� ! 
0 within the diffeomorphic mapping operator
learning framework. The results are summarized in Figures
3 and 4 and Table 1.

Figure 3 displays the ground truth numerical solutions,
network predictions, and errors for three different test cases
for the Laplace equation solutions on doubly connected do-
mains. These results highlight how the choice of mapping
significantly impacts the prediction accuracy and error dis-
tribution.

The mapped solutions for each approach are visualized in
Figure 4, demonstrating how different mappings affect the
representation of the solution in the reference domain 
0.
Our main observations are summarized below:




